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NOMENCLATURE 

co-ordinates; 
velocity components; 
time ; 
density and pressure ; 
coefficients of viscosity, ther- 
mal conductivity and dif- 
fusion; 
specific heat capacity; 

velocity of sublimation front 
propagation; 
latent sublimation heat ; 

Prandtl number ; 

Schmidt number ; 

h 
Le = - 

I%%, 2’ 
Lewis number ; 

H=h+;, complete enthalpy ; 

h = Ch, + (1 - C)/h,, mixture heat con- 
tent; 

C, mass concentration of subh- 
mating vapours in gas mix- 
ture ; 

A proportionality coefficient in 
law of external flow velocity; 

R gas constant. 

Subscripts 
1, 
a, b, 

0, 
B, 

in a solid; 
pertaining respectively to 
vapour and gas; 
on sublimation wave ; 
at moment of boiling. 

1. STATEMENT OF PRORLEM. SYSTRM OF 
ORDINARY D- EQUATIONS 

THE interaction of a gas flow and solid near a 
critical point, resulting in the sublimation of the 
solid surface, is considered. The sublimation 
front is assumed to propagate into the body with 

constant velocity g: i.e. a stationary sublimation 
regime is considered. 

Equations for a gas and solid are considered 
to be non-stationary. The solution is given for a 
solid in a flat and axisymmetrical gas flow. 

A heat transfer process takes place both in the 
gas and the solid. The equation of a gas and solid 
should therefore be solved simultaneously 
combining corresponding solutions on a subli- 
mation wave. 

The consideration of a diffusion equation is 
caused by the fact that a b&component mixture 
(vapour-gas) is formed during the sublimation 
of a solid surface. 

The problem is solved by assuming a laminar 
boundary layer. To simplify this problem the 
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properties of the gas and solid are assumed to be and the equation of thermal conductivity in a 
constant. solid : 

The following system of co-ordinates is 
chosen : axis x is directed along the surface of the 
solid, the critical point being taken as the 
origin; axis y is normal to the surface of the solid, 
and is directed towards the gas-side, the value 
being read from the initial boundary between the 
gas and solid (Fig. 1). 

aT, a2T 
PlQ = 4 ay2. (1.2) 

In the continuity equation, n = 1 for a plane 
case, n = 2 for an axisymmetrical case. 

Taking into account that in the vicinity of the 
critical point the Mach number is small, and 
assuming that the Lewis number is equal to 
unity Le = 1, the energy equation becomes 
simplified : 

dh f.4 ash 
_- 

p -;Tt = u ay2* (1.3) 

The following system of boundary conditions 
corresponds to equations (l.l), (1.2) and (1.3): 

(a) on the external side of the boundary layer: 

y-too, u=uoo=/3x, h=hoo, C=O; 

(b) on the sublimation wave: 

y=%, u=o, p(.G--_)=pti%, \ 
\ 
\ 

-a0 

FIG. 1. 

The problem considered is described by an 
original system of equations consisting of equa- 
tions of continuity, motion, diffusion and 
energy for a gas mixture. 

1 a(ux+Y + E _ o. 

xx - ax ay- 9 

da ap a8u 
Px= -,,+p, 

ap 0. 

;i;= ’ 
dC a2c 

P -& = P%say9; 

T=T,, p@--_)I = Ala; - ACT, i 
(1.4) 

ay I 

1 + (&R[WT,) - WTa!l - 1) Ef 
-1 

C = 1 i . 
(the latter relation is the curve of vapour pres- 
sure on the sublimation wave); 

(c) at infinity in the solid: 

y-t- co, T=T-co. 

Since the stationary sublimation regime is 
determined below, the initial conditions are not 
presented. 

The second last condition on the sublimation 
wave may be transformed. The use of both the 
obvious relation : 

q-\ ah - -i (h, - hb) $ 
CD aY CP 

and the condition of concentration conservation 
on the sublimation wave gives: 

P@ - 0) [I - (h, - hi,) (1 - Cl1 

=A !s_A ah 
1 ay C, ai (1.5) 
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Let us transform a system of equations in partial 2. DETERMINATLON OF CON CENTRATION AND 

derivatives (l.l), (1.2) to the system of ordinary TEMPERATUREONTHE SUBLIMATION WAVE 

differential equations, and introduce an inde- From the heat conductivity equation for a 
pendent variable : solid it is easy to obtain the relation: 

I= (y -&) = d(“;) (y -&). (1.6) 

The solution of the problem is sought for in the 
form : 

24 = Pxf ‘(4; 0 = -nd($w-(77) + .% 1 

h = h-m + (ha0 - h-m) e(q); (1.7) 

TI = T-co + (Tcm - T-m) O,(T). i 

With the aid of the transformations, equations 
(1.6) and (1.7), the initial system of equations is 
reduced as follows : 

fra - nff" = 1 + f"', 7 

dC 1 d4C - nf-=- _ 
dl a dq*’ 

d0 1 da8 (1.8) -. nf-=- - 
dtl cr dT2 

where 

(2.1) 

Equation (2.1) is used for transforming the 
condition of energy balance on the sublimation 
wave. After simple transformations we obtain: 

d0 -- 
d7 

= uf (0)n 

I- (ha - hb) (1 - GJ + c1(Tcl- T-04 . (2 2) 

hm - h-co 
. 

The boundary problem, equations (1.8) and (1.9), 
is then reduced to the following: 

f' - ,J-" = 1 +f"'; 

dC 1 d2C - nf--_ = _ -r; 
dv 0 dtl 

1 
(2.3) 

d6’ 1 d48 - nf-=-- 
d7 u dTB J 

under the boundary conditions 

7 =0, f'(0) =0, nf(0) =%9, 

The boundary conditions in the variables of 
equations (1.6) and (1.7) can be written: 

nf(o) (1 _ C) ,, = !!$, 

1-f co, f'(a) = 1, 8 = 1, c =o, 

v=O, f'(O)=O, nf(O)=F9, 

?If(O)(l - omd~;, 

T= Tl,nUf(O) 
1 - (h, - hb) (1 - C) 

h h 
a3- -a (1.9) 

h, de, d8 - -_.- 
= X d7 d$ 

I 

d8 -- 
d7 

= nuf (0) X 

I- (ho - hd (1 - C,) + 4To - T-m) 
h,-hh, , 

c = 11 + (eeIR[WTrJ - tl/TB)l- 1) g -l. 

(2.4) 

1 + (ee/R[(lIT,) - tlITB)] - 1) 2 -1 
C 
= I I ’ 

L mJ J 
It is easy to see that the second and third 

equations may be easily integrated, function 
f (7) still remaining unknown. 

Upon integration of the equations mentioned 
and determination of the constants of the 
boundary conditions, the expression for con- 
centration and heat content distribution in a gas 
mixture is obtained: 



x I - (ha - hb) (1 - Co) + mo - T-2 i 
(2.5) 

hm - h-co 

where 

x [tiao) - &I)1 + 1, J 

4477) =ie -@+W . dt. 

From equation (2.5) the expression for con- 
centration and heat content on the sublimation 
wave may be easily obtained: 

From the iirst equation (2.6) it is easy to 
obtain : 

eo = nuf(O)#(co) (2.6) co 
xl - (ha - hb) (1 - Co) + Cl(TO - T-co) - = nuf(O)+(cQ) co - 1 

h, - h-03 
. I 

Eliminating from equation (2.5) the combina- 
tion of values nuf(O)$(co), wheref(0) and &co) 
are still unknown, the linite relation connecting 
concentration and heat values on the sublima- 
tion wave is obtained: 

= nuf(0) qe-mif(t)d . dr. (3.1) 
0 

If the dependence of +(a~) upon f(0) were 
known, then equation (3.1) would give the 
relation between concentration on the sublima- 
tion wave and the dimensionless velocity of 
propagation of the sublimation front f(0). 
Then, by the known Co it would be easy to fInd 
f(O), and the problem would be completely 
solved. 

Thus, the equation of motion should he con- 
sidered, to find the dependence of +(a) upon 
f to): 

f”_-#Lf”‘+ 1 

with the boundary conditions 

(3.2) 

h, - h(_rn) CO -- @to) = hm - j+) = I+ co - 1 

x 1 - (ha - hb) ‘l--2;_‘, dTO - T-‘ds c2.,) 

The heat content of a mixture may be ex- 
pressed through the heat contents of components : 

h o = coh,l + (1 - co)h,, (2.8) 

then equation (2.7) is reduced to the form : 

I+ c,(T, - T-m) co - 1 

b(O) - h(a) =z--’ (2.9) 

Adding to equation (2.9) the equation of the 
vapour pressure curve on the sublimation wave, 
the system of two tinite equations with two 
unknowns, which is easily solved, may be 
obtained. upon f(0) in the form of the Maclaurin series : 

f(0) = a, f’(0) = 0, f’(m) = 1. 

Solving numerically the boundary problem, 
equation (3.2), we obtain the dependence of 
f “(0) upon f (0) = a, the form of which for 
plane and axisymmetrical cases is presented in 
Fig. 2. 

Knowing the dependence off “(0) upon f (0), 
we get the dependence of the function f(v) 
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Thus, to obtain temperature To and concen- 
tration Co on the sublimation wave it is neces- 
sary to solve the system of equations: 

1+ c,(T, - T-al) co - 1 
hb(0) - h, 

=c,; 

Co = 1 -l. (2.10) 

3. DETERMINATION OF VELOCITY OF SIJBUMA- 
TION FRONT PROPAGATION 

In addition to concentration and heat content 
values on the subhmation wave which are, in 
fact, determined, it is necessary to know the 
velocity of propagation of the sublimation 
front. 
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+(-8+f5n)nM*+(-6~44n+~a’)a+nsag 

6! 7’ 

+ (22 - 16~) n*a*a* + (26 - 19n - #up) naa _t (6 - 4n - nda’) 

71 ‘f’ + 1. * , (3.3) 

where a =f(o); 0 =f”‘(O). 

To find the dependence of J = ncf (O)$(co) upon a = f(o), we evaluate the integral $(co) for a set 
of values a: 

+==;e ++)a. &, (3.4) 
a~~l~~g the ~~~toti~ method PI. 

On i~te~~~g~(~~ and ~bs~~~~g the result into equation (3.4) we obtain: 

tiao) =Te -ma? -w+I) . dq, (3.5) 

where 

Changing the variable of integration from r] 1.5 
to z, the limits of integration not being changed: 

#(co) = $ e-*=” e+ms* .g _ dz. (3*71 

The integrand contains an unknown function ‘! 
i*O 

ofr: 

which will be sought for in the form of a series: 

e-nocrq . d_? = z-218 g d 
dr * p/S (3.8) ’ 

rr0 - f (01 

The expansion cacfficients d, are determined Fro. 2. 
using the known formula: -pIaBeetlse; 

--- * 

d, = &, I$ . exp (-mq) ~-(“+r)‘~ . d7 

axlsymmetrical4ase. 

(3.9) of the coefficient of 7-l in the expansion of the 
I function exp (-noa?) z- (*+V in ‘integral 

From equation (3.9) it follows that d, is # powers of 7. 
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The expansion of exp (-nua~) z-(~+~)/~ as a The expansion of z- (m+1)/3 as a series in 
series is as follows : integral powers of 17 is obtained. For this, 

(noa+ 
equation (3.6) is raised to the power 4, and the 

exp (-noa?) = Z (-1)” mr. expression obtained is expanded as a power 
WI==0 (3.10) *.ies : 

:-(rnflV3 = 77 
-(m+l) (GJ + Cl? + cs71a + c313 + caq + c5,3 + . ..), (3.11) 

where 

i.) 

-(m+1)/3 

co= ;, ; 

m+l a -(m+W3 nm + 1 
c’=3-si -* 

0 */ 4! ’ 

c2=j 3 ’ m+l (~)-(mir”3{~ (fJ-‘r*)’ - i na (naa + I)>;. 

(m + 4) 
a 

- i) 3 
-‘(nau+l) 2 

4! 3 na (nm + 1) - 3! 6r [(2 - n)al - n3a3a - n2aa] . > ; 

l. v (;) --(PR+4)/3 (m+4)(m+7)(m+ 10) a -3 naa-i- 1 ( (3) (7) 
4 

c4 = 71 

_ 6 (m + 4) (m + 7) a -e nw + 1 p3i 
39 (a) (-T--) 5_i. na(na + 1) + (m +4)(s)-’ [kna(na + 1)12 

-43 m-/-4 ‘a 0 3 -’ Z$! g [(2 _ n)as _ $a3a - naa2] 

4! 
- .fj [(- 8 + 5n)naaa + (- 6 + 4n + n4a4)a + n3a3] 

1 
; 

C, = 3i 
1: m f 1 (;!)-(*+4)‘3 { m ( +4)(m+7)~+10)(m+13)(;)-4(n~4:l)5 

- 

+ 

X 

X 

1o (m + 4) (m + 7) (m + 10) 

15(m+4)(mT7) 

(g)-“rq)“. $na(naa + 1) 

3z -(i)-*r+) [-$na(nau+l)]z-10(m+4~~m+7~(~)~2 

i ) 
n”+l ’ z [(2 - n)ae - n3a3a - nraa] + 10 @f-&f!! ({) g na(nau + 1) i 

4! . * . 
mf4 a 

[(2 - n)az - nsa3a - ngaa] - 5 - 
0 

-‘nau+ 1 4! 
- 

3 3! 
- 3 [(- 8 + Jn) naa* 

4! 

+ (- 6 + 4n + n4a4)a 

+ (6 - 4n - n4a”)] . 

5! 
+ Aa - fj-j KU - 16n)n2aaaP + (26 - 19n - n4a4)nau 
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Multiplying the right terms of equations 
(3.10) and (3.1 l), the expansion of 

exp (-~2~~47) . z- (m+l)ls 

as a series may he obtained. 
In the expansion obtained, 4 of the coefficient 

of 7-l is equal to the coefficient a,. Thus, 
coefficients d, for a set of values a = f(0) are 
calculated. 

Using z as the variable of integration, the 
integral flco) has the form : 

$(a) = [(d, + d,z”S + &2’8 

+ d,z + . . . ) z-2/S. e+* . dz. (3.12) 

On integrating we obtain: 

+(co) = m+(O) 5 d,,,(m)-("+')'a . l- 
Pm-=u f (0) 

(3.13) FIG. 3. 

where r is the gamma-function. ---- planecasc; 

At the known coefficients d,,,, the integral 
axisymmetlicalcase. 

fzzoy he easily calculated for a set of values 

Hence; the dependence of the integral #co) 
of propagation of the sublimation front f(0) is 
determined graphically from Fig. 2. 

upon a = f(0) is found. Then, from the equality, The dimensional velocity of propagation of 
(3.1), the dependence of C&C, - 1) upon 
a = f(0) becomes known. This dependence is 

the sublimation front is expressed through f(O) 
as follows: 

presented in Fig. 3. The curves are plotted for 
plane and axisymmetrical cases at Prandtl 
numbers 0.7 and 1. 

d = ; d(j3V) nf(0) (3.14) 

Since the problem of determining the con- 
centration C, on the sublimation wave is already 

REFEXEN- 
1. LEONARD Ronmtrs, NASA, TR(1959). 

solved (SeCt.iOn 21, the dimensionless VdOCity~ 2. D. MEKSYN, PXIC. ROY. SOC. A 192,567 (1948). 

Mmtraet-Tire paper gives an exact solution of a solid sublimation problem near a critical point in 
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de sublimation et donnent des courbes de la vitesse de propagation du front de sublimation. 
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ZII~F& die fhbhnation in der N&he des kritischen Punktes im ebcnen und achsen- 
symmetrischen Strom eines ni&tkompressiblen Gases w&e eine exakte Usung ennittelt. Konzen- 
tration und TemperaW im -oosbereich lchlen xlacil allgegebem 3eziehm bestimmt 
weniea Aus Diagmmum ist die acschwindigkeit, mit der die Sublimationsfront fortschreitet, zu 
en- 

Ein w Probiem ist van Roberts [I] bearbeitet wordem Mit Hilfe der iotqrakn Pohhusm- 
Methods ah&It a eine N&lmmgsl~ (bei gegebeuer Funktions~eilung in der Gmnzschicht). 


